The momentum diffusion of atoms in the field of two counter-propagating stochastic light waves, one of which reproduces the other one with a certain time delay, has been studied. It is shown that the parameters of atom-field interaction, at which the light pressure force is maximum, correspond to the increasing momentum diffusion coefficient. In the case of highintensity field described by the stochastic field model, the momentum diffusion coefficient was found to be proportional to the square root of the field autocorrelation time. The wave function describing the inner state of atoms is modeled, by using the Monte-Carlo method. Numerical calculations are carried out for cesium atoms.
Introduction
Till now, the force of light pressure on atoms in the field of counter-propagating correlated stochastic waves has been studied in a number of works [1] [2] [3] [4] [5] [6] . Like the "bichromatic force", i.e. the force of light pressure on atoms in the field of counter-propagating bichromatic waves [7] [8] [9] , the force of light pressure on an atom in the field of counter-propagating light waves can significantly exceed the maximum of the light pressure force on an atom in the field of a running monochromatic wave
where = 2 / is the wave vector and the wavelength of electromagnetic radiation, and is the inverse lifetime of an atom in the excited state (the two-level atomic model is assumed). It should be noted that the momentum diffusion of atoms, which always accompanies the light pressure on atoms [10] , has not been studied yet in the case of stochastic light waves. In this work, we have tried to partially fill this lacuna by analyzing the dependence of the statistical characteristics of an atomic ensemble on the parameters of the interaction between the atoms and the stochastic field. Our research is based on the computer simulation of the atomic motion c ○ V.I. ROMANENKO, O.G. UDOVYTSKA, V.M. KHODAKOVSKY, L.P. YATSENKO, 2018 in the field of stochastic waves (the stochastic field model), by using the Newton equations, which was followed by the calculation of the statistical characteristics of the atomic ensemble. The interaction between the atom and the field is modeled in the framework of the two-level atomic excitation scheme. The density matrix, which is required to calculate the force, is determined from the probability amplitudes of the state vector, by using the Monte-Carlo method for the wave function [11] . The numerical simulation is carried out for the parameters corresponding to the interaction of cesium atoms with the light field. The structure of the work is as follows. In Section 2, a model of the interaction between the atom and the field is discussed. In Section 3, the equations describing the atom-field interaction and the evolution of the state vector are formulated, and the method used for calculating the statistical characteristics of the atomic ensemble is described. The results obtained are quoted and their discussion is made in Section 4. A brief summary of the research results is made in Conclusions.
Model of the Interaction between an Atom and the Field
Let an atom move along the -axis in the field of two counter-propagating waves
where e is the polarization vector. At the coordinate , where the atom is located, one of the waves reproduces the other one with a certain time delay = 2 / . The coordinate origin is selected so that the field strengths of counter-propagating waves coincide at the point = 0.
Laser radiation is described in the framework of the chaotic field model [12, 13] . Namely, the real and imaginary parts of the complex-valued field amplitude fluctuate independently, their average values equal zero, an the corresponding autocorrelation functions look like
where the angle brackets ⟨...⟩ denote the averaging over the ensemble of states obtained in the course of a stochastic process, is the inverse autocorrelation time of the field amplitude, and Figure 1 illustrates the interaction of an atom with this field. A stochastic process with the exponential time dependence of the correlation function of type (3), (4) is called the "colored noise" [14] .
The interaction of the atom with the field is characterized by the Rabi frequency 
Basic Equations
An atom in field (2) is subjected to the action of light pressure with the force [10, 15] 
where d 
where is the mass of the atom, and =˙is its velocity. To find the changes of the atomic velocity and coordinate in time from Eqs. (5) and (6), the matrix of the atomic density has to be known. Its elements for the atomic state vector
are calculated by the formulas
where the probability amplitudes 1 and 2 of the atomic states |1⟩ and |2⟩, respectively, are determined from the Schrödinger equation
The state vector is calculated, by making allowance for quantum jumps that are responsible for the atomic spontaneous emission (the Monte-Carlo method for the wave function [11] ). The Hamiltonian in the Schrödinger equation (9) looks like
Here, the term
describes the atom in the absence of the field and relaxation; the term
where d 12 is the matrix element of the electric dipole moment operator for the transition between states |1⟩
and |2⟩, describes the interaction between the atom and the field; and the term
describes the relaxation due to the spontaneous radiation emission. Let the state vector be | ( )⟩ at the time moment . The wave function | ( + Δ )⟩ at the time moment + Δ is determined in two stages [11] . 1. From Eq. (9), it follows that, after a small time interval Δ , the state vector | ( )⟩ transforms into
Since Hamiltonian (10) is non-Hermitian, the state vector | (1) ( + Δ )⟩ is not normalized. At a small Δ , the square of its norm equals
where
2. At the second stage, let us take into account that a quantum jump is possible. If the random variable , which is uniformly distributed between zero and one, is larger than Δ , there is no spontaneous emission, and we simply normalize the state vector:
But if < Δ , the atom spontaneously emits a photon and transits into the ground state:
Equations for the probability amplitudes follow from the Schrödinger equation (9) . In the rotatingwave approximation, i.e. neglecting the rapidly oscillating terms ∼ ±2 0 [16] , they acquire the form
As follows from Eqs. (3) and (4), the autocorrelation functions for the real and imaginary parts of Ω( ) equal
The found wave function makes it possible, by using Eqs. (5) and (8), to calculate the force of light pressure on the atom and describe the motion of this atom by simultaneously integrating the Schrödinger and Newton equations. After averaging the force expression (5) over the field oscillation period 2 / 0 , we have
The chaotic field is modeled by the OrnsteinUhlenbeck process Ξ( ) [14] . Its autocorrelation function
at Ω 0 = √ 2 coincides with Eq. (21), if Ξ( ) = = Re Ω( ), and with Eq. (22), if Ξ( ) = Im Ω( ). This process is a solution of the equation
where ( ) is the Gaussian white noise, which is characterized by the following mean values over the ensemble:
Here, ( ) is the Dirac delta-function. The OrnsteinUhlenbeck process is a "colored noise" [14] , which transforms into the white one at → ∞. We simulated the Ornstein-Uhlenbeck process by the sequence [17, 18] 
Here, Δ = +1 − , and ℎ( ) are distributed according to the Gaussian law with the first moment equal to zero, and the second moment equal to
Results and Discussion
Cesium atoms 133 Cs were chosen for the numerical simulation, because they allow a two-level system with the atom-field interaction to be realized [15] . Furthermore, their atomic mass is large enough for their average velocity not to change much within the time interval required for the atomic velocity distribution typical of a diffusion process to be established. The force of light pressure and the coefficient of momentum diffusion at the point with the coordinate depend on the time delay
between the counter-propagating stochastic waves at this point.
We calculated the diffusion coefficient of atomic velocities, , which is more illustrative than the momentum diffusion coefficient . In view of the relation = between the momentum and the velocity of the atom, it is easy to express one of the constants in terms of the other one: =
2
. The time, , dependence of the mean square deviation Δ of the atomic velocity from its mean value is given by the formula
The values of the light pressure force and the velocity diffusion coefficient were calculated from the time dependences of the mean velocity and the mean square deviation of atomic velocities from the mean value for an ensemble of cesium atoms. Some examples of calculation results obtained for = 2.3 ns ( = 0.35 m) are shown in Fig. 2 . In the case of low-intensity counter-propagating waves, Ω 0 ≪ , and one-dimensional model, which is considered here, the momentum diffusion coefficient was calculated analytically in work [6] :
This result is used to test the software program of atomic motion simulation in the field of counterpropagating stochastic waves. The dependences exhibited in Fig. 2 make it possible to determine the average acceleration of the atom (and, hence, the average force acting on the latter) Fig. 2 . Time dependences of the average velocity ( ) and the root-mean-square deviation of atomic velocities from the average value ( ). The Rabi frequency Ω 0 of each of counterpropagating bichromatic waves is equal to 60 MHz, the initial velocity of atoms = −0.5 m/s, and the time delay between the waves at the point of initial atomic localization is 2.3 ns. The parameter = 2 ×10 (1 ), 2 ×50 (2 ), and 2 ×100 MHz (3 ). Calculations were made for an ensemble of 10,000 atoms of 133 Cs and the momentum diffusion coefficient. Some examples of the calculated dependences of the light pressure force and the atomic velocity diffusion coefficient on the time delay between the counter-propagating stochastic waves are depicted in Fig. 3 . It is evident that, in accordance with the results of work [5] , if the Rabi frequency Ω 0 and the inverse autocorrelation time of stochastic waves are fixed, there is a certain optimal value for the time shift between the counter-propagating waves, at which the force of light pressure on the atoms is maximum. By comparing the dependences shown in Fig. 3 , one can see that the maximum force of light pressure at the fixed Rabi frequency Ω 0 is achieved at a certain optimal value of the inverse correlation time, ∼ Ω 0 . In the case concerned (see Fig. 3, ) , this is = 30 MHz. At the same time, the diffusion coefficient decreases as the parameter grows (see Fig. 3, ) . Thus, by in- creasing at a fixed Ω 0 , we, at first, achieve a maximum value of the light pressure force accompanied by a simultaneous decrease of the parameter . Then, as continues to grow, the intensity of light pressure at first decreases slowly (near the maximum) and, afterward, rather quickly. Simultaneously, the diffusion coefficient decreases monotonically and rather rapidly. In particular, for curves 2 to 5, whose maximum amplitudes differ by no more than 10%, the diffusion coefficient decreases by a factor of about two (see Fig. 3, ) .
It is quite natural that the light pressure force has a maximum at a certain value. In work [5] , it was shown that this maximum is associated with the delay between the counter-propagating waves at the point where the atom is located. As a result, if the parameter is small, the counter-propagating waves act almost in antiphase on the atom (practically, there is no delay), so that the force of light pressure on a sta-tionary or slowly moving atom is close to zero. In the case of large , the counter-propagating waves fluctuate practically independently. Therefore, proceeding from the problem symmetry (the waves have the same average intensity), the force of light pressure should be small. At intermediate values, the correlation between the waves is substantial, and the intensity of the light pressure can be rather strong, exceeding Eq. (1) and reaching a maximum at a certain value.
The reduction of the diffusion coefficient , as grows and Ω 0 is fixed (see Fig. 3, ) , qualitatively agrees with the behavior of at a low-intensity laser radiation [Eq. (32)]. At the same time, the origins of the diffusion coefficient reduction in the case Ω 0 ≪ , when formula (32) is valid, and in the case Ω 0 ≫ , which is illustrated in Fig. 3 , are different. Indeed, under a low-intensity laser radiation, the momentum diffusion coefficient is proportional to the excited state population 2 [6]:
By comparing Eqs. (32) and (33), one can see that, in the case of low-intensity counter-propagating waves, the decrease of the momentum diffusion coefficient occurs due to the reduction in the excited state population, as the fluctuation rate increases. In the case of high-intensity laser radiation, Ω 0 ≫ (the plots in Fig. 3 ), the diminishing of the diffusion coefficient can no longer be explained by the reduction in the excited state population. According to the results of our calculations corresponding to the curves shown in Fig. 3 , the population 2 changes insignificantly for various values, being close to 2 ≈ 0.45. If Eq. (33) with Ω 0 = 2 × 60 MHz had been valid for the momentum diffusion coefficient , then would have been close to 170 m 2 /s 3 for all curves in Fig. 3 , . Actually, the dependences exhibited in this figure correspond to much larger values of
. Such values may probably be associated with the processes of stimulated radiation emission and absorption, when the atom interacts with the fluctuating fields of counterpropagating stochastic waves. As a result, the motion of the atom in the momentum space looks like the Brownian one, but with the step decreasing with the increasing , which can explain the reduction of the momentum diffusion coefficient.
Of course, our speculations about an analogy with the Brownian motion are not sufficient to establish a relationship between and . To elucidate this issue, we numerically simulated the dependence ( ) for two values of the Rabi frequency: Ω 0 = 2 × 30 and 2 ×60 MHz. To "switch-off" the effects of mutual correlation between the counter-propagating waves, the calculations were made for a rather large time delay between the waves, = 2 / = 12 ns ( = 1.8 m) . The results obtained are shown in Fig. 4 . One can see that the obtained dependences are described well by the expression = / √ if > . Since 1/ is the wave autocorrelation time, we may assert that the coefficient of momentum diffusion is proportional to the square root of this parameter at Ω 0 ≫ . At a lower intensity of the laser radiation (Ω 0 = 2 × 30 MHz), a deviation from the given approximation formula is observed, in accordance with the fact that, at low intensities, the form of the dependence ( ) has to change from ∝ [5] , there is no optimal value of the ratio Ω 0 / , at which the force acting on an atom would be maximum. Instead, the force maximum increases monotonically together with the Rabi frequency. The force maximum and the maximum of the diffusion coefficient shift toward smaller values with the growth of Ω 0 . From Fig. 5 , one can see that the diffusion coefficient increases, as the Rabi frequency increases and the value is fixed. At the same time, it decreases as increases and Ω 0 is fixed (see Fig. 3 ).
Conclusions
Using cesium atoms as an example, the dependence of the momentum diffusion coefficient for atoms in the fields of two counter-propagating stochastic light waves on the delay between those waves has been studied and compared with analogous dependences obtained for the light pressure force. The results demonstrate that both the light pressure force and the momentum diffusion coefficient have a maximum at a certain delay value, with the maximum of the momentum diffusion coefficient being less pro-nounced. If the laser radiation intensity is constant, there is an optimal value for the inverse autocorrelation time of counter-propagating waves, at which the force is maximum. At the same time, the momentum diffusion coefficient monotonically decreases, as increases and the laser radiation intensity is constant. We have found that if the time delay between the waves is rather large, so that the amplitude fluctuations in the waves can be considered as independent, and the intensity of the laser radiation is large (Ω 0 ≫ ), the momentum diffusion coefficient is proportional to − 1 2 . In other words, under those conditions, the momentum diffusion coefficient becomes proportional to the square root of the field auto-correlation time. This dependence substantially differs from the dependence ∝ −1 obtained by us earlier for the case of low-intensity fields [6] .
We also compared the dependence of the momentum diffusion coefficient on the wave delay time at various intensities of counter-propagating waves, but at the same value. It is found that the diffusion coefficient increases together with the Rabi frequency. At the same time, it decreases, if increases and Ω 0 is fixed.
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